A single analytical formulation for evaluating the focal shift in any apodized nontelecentric focusing setup is reported. The formulation is also useful in the case of imaged paraxial beams. We show explicitly that the magnitude of the focal shift is determined by only one parameter that depends on the effective width of the pupil filter and its axial position. To illustrate our approach we examine different focusing setups. © 2001 Optical Society of America OCIS codes: 220.1230, 220.2560 It is well known that, when a monochromatic, uniform spherical wave is diffracted by a circular aperture, the point of maximum irradiance in the focal region is not at the geometrical focus but is displaced toward the aperture, giving rise to the so-called focal-shift effect.
It is well known that, when a monochromatic, uniform spherical wave is diffracted by a circular aperture, the point of maximum irradiance in the focal region is not at the geometrical focus but is displaced toward the aperture, giving rise to the so-called focal-shift effect. 1 In the past few years many papers have been devoted to the study of the focal-shift effect. 2 -14 The main outcome of those papers has been that the focal-shift effect always takes place when any kind of coherent or partially coherent paraxial beam is focused.
There have been fewer studies of the focal-shift phenomenon when the aperture is in front of a focusing element, i.e., in apodized focusing systems that are nontelecentric on the image side. 15 Note that this case is similar to the one in which a paraxial beam is imaged through a lens. The latter case was studied in the paper by Sheppard and Török, 14 in which the inf luence of the position of a circular aperture on the focal-volume structure was analyzed.
In this Letter an analytical formula for rapid calculation of the relative focal shift in apodized, nontelecentric focusing systems is deduced. Of course, the case of telecentric systems arises as a particular case of our formalism. Specifically, we show that the amount of focal shift depends on only one parameter, the Fresnel number of the nontelecentric system. The result presented here is very interesting, since it allows rapid evaluation of the position of the main irradiance peak for focusing setups in which the aperture stop does not coincide with the principal plane of the system.
To start our approach, let us consider the aberration-free focusing system shown in Fig. 1 . With this figure we can describe, among others, two typical focusing geometries: (a) the case of a nontelecentric focusing system that is apodized by a radially symmetric purely absorbing diffracting screen with amplitude transmittance t͑r 0 ͒ and (b) the case in which the lens images a paraxial beam whose waist is at a distance f 1 z from the lens. In both cases the amplitude distribution in plane O of the figure is U ͑r 0 ͒ t͑r 0 ͒. Then, by use of the Fresnel diffraction formula, it is easy to f ind that the amplitude distribution of the paraxial field at plane O 0 , which is conjugated to plane O in the sense of geometrical optics, is
where M j f ͞z j stands for the absolute value of the transverse magnification of the lens. The amplitude distribution in an arbitrary plane, at a distance z of F 0 , is obtained by free-space propagation of the amplitude in Eq. (1) . Hence, by use of Eq. (1) as the input amplitude distribution in the Fresnel diffraction formula, and by restricting our equations to points along the optical axis, we obtain 
where z 0 2f 2 ͞z . Next, after performing the nonlinear mapping q͑m͒ t͑r 0 ͒ such that r 0 1 p m, we obtain that the normalized axial-irradiance distribution, I N ͑u͒ jh͑u͒j 2 ͞jh͑0͒j 2 , is given by
In Eq. (3), the axial position has been specif ied through the axial variable
To f ind the position of the greatest value of the axial-irradiance distribution, we propose to expand Eq. (3) into a Taylor series. Since the region of interest is located in the vicinity of the focal point ͑u 0͒, we may proceed in the same way as in Ref. 17 . Then we neglect third-and higher-order terms and restrict the series to a quadratic approximation, that is,
where s is the standard deviation of q͑m͒. By setting the f irst derivative of expression (5) equal to zero, we obtain the position and height of the maximum of the quadratic axial-irradiance distribution, given, respectively, by
It must be pointed out that in Eqs. (6) and (7) a new parameter has been introduced, the Fresnel number of the nontelecentric system, def ined as
where z N z ͞f . Finally, combining Eqs. (4) and (6) yields the formula for the relative focal shift,
This important formula indicates that the magnitude of the focal shift provided by any apodized, nontelecentric focusing system (or, alternatively, the irradiance peak produced by an imaged paraxial beam) is determined exclusively by the value of one parameter: the Fresnel number of the system, N . Notice that the relative focal shift is governed not only by the effective width of the diffracting screen, s, but also by its relative axial position, z N . Concerning the axial position, it is remarkable that, whereas the absolute value of z N determines the magnitude of the focal shift, the sign of z N controls its direction. In this sense, as recognized by Sheppard and Török, 14 a positive value of z N gives rise to an inverse focal shift. However, z N , 0 produces a direct focal shift. When z N 0, i.e., when the system is telecentric, there is no focal shift, and the irradiance peak is at the back focal point. Note that if z N 21 the Fresnel number reduces to N s͞lf , and then the results corresponding to a focused beam 17 are obtained. With regard to the height of the irradiance maximum, it is apparent from Eq. (7) that the lower the value of N , i.e., the higher the value of jz N j, the higher the irradiance maximum. The minimum value of I N is obtained when z N 0.
To illustrate our approach we evaluated the relative focal shift for three different situations: the circular aperture, the Gaussian beam, and the so-called Gaussian ring. 18 For the circular aperture the value of the Fresnel number is N N͞ p 12jz N j, which is expressed in terms of the classical Fresnel number N r 2 max ͞lf . In Fig. 2 we plot for a fixed value of N, say, N 2, the variation of the relative focal shift with z N . The solid line represents the values of z max ͞f obtained by use of our formula [see Eq. (9)]. The dashed curve represents the exact value of the focal shift obtained by numerical evaluation of Eq. (3). Note by comparing both curves that our formula gives very accurate results.
In our second example we deal with a Gaussian beam imaged by a thin lens. In this case, N w 0 2 ͞lf p jz N j, and therefore
where w 0 is the waist of the incident Gaussian beam. Note that Eq. (10) reproduces in good approximation the previously known results. Finally, in our third example we analyze the case of a nontelecentric system apodized by a Gaussian ring, whose mapped transmittance is
If we compare this screen with a ring aperture with the same width, we find that the Gaussian ring reduces the axial sidelobes of the irradiance distribution without substantially reducing the value of either the axial half-width or the lateral resolution. 18 In this case the value of the standard deviation is
where erf͑≤͒ is the error function. As in the f irst example, in Fig. 3 we depict the variation of z max ͞f with z N . Note that the selected values N 4 and V 0.205 provide the same value of N as in the case of the circular aperture, evaluated above. Also, in this case our formula provides very accurate results. In the inset of Fig. 3 we show a window in which the exact value of the focal shift corresponding to the circular aperture and to the selected Gaussian ring are compared. Note that the curves almost overlap, which proves that, even when we are dealing with the exact calculation, the focal-shift phenomenon is governed by N .
We have developed a quite simple analytical formulation for evaluating the focal shift in any apodized nontelecentric focusing system and in the case of an imaged paraxial beam. However, our formalism does not work with masks of complex transmittance. The proposed formula depends only on the Fresnel number of the system. This parameter evaluates both the effective width of the diffracting screen (or the beam waist) and its axial position. We have illustrated our approach by discussing the focal-shift effect in different geometries.
